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1 Introduction 

Grand unified theory (GUT) gives us a simple and elegant understanding of the quan- 
tum numbers of the quarks and leptons, and the success of gauge coupling unification 
in the MSSM strongly support this idea. Although the GUT at high energy scale 
has become widely accepted now, there are some problems in GUT: the grand unified 
gauge symmetry breaking mechanism, the triplet-doublet splitting problem and the 
proton decay problem. 

A new scenario to explain above questions in GUT has been suggested by 
Kawamura fl], |^, Q, and further discussed by Altarelli, Barbieri, Feruglio, Hall, 
Hebecker, Kawamoto, Normura, and March- Russell |^, ^, ||, |^, P, |^, [l^l- The key point 



is that the GUT gauge symmetry exists in 5 or higher dimensions and is broken down 
to the Standard Model gauge symmetry for the zero modes due to non-trivial orbifold 
projection on the multiplets and gauge generators in GUT. The attractive models have 
been constructed explicitly, where the supersymmetric 5-dimensional SU(5) models 
are broken down to the A^ = 1 supersymmetric Standard Model through the compact- 
ification on S^ /{Z2 x Z'2). The GUT symmetry breaking and triplet-doublet splitting 
problems have been solved neatly by the orbifold projection. 

In this letter, we will discuss the GUT with SU(5) [^ gauge symmetry break- 
ing on the space-time M ^ x T^/(Z2 x Zg) where the M ^ is the 4-dimensional Minkowski 
space-time. We assume that the SU(5) gauge fields and two 5-plet Higgs fields are 
in the bulk and the Standard Model fermions are on the observable brane which is 
located at the fixed point or line. For simplicity, we do not consider supersymmetry 
here. 

We shall present two models in detail. The first model is the generalization of 
previous models [1 — 10]. Because T^ is homeomorphic to 5*^ x 5*^, the extra space 
orbifold in this model is in fact S'^/(Z2 x Z2) x S'^/(Z2 x Z2) where two Z2 and two Z2 
act simultaneously, and the observable brane is located at one of the 3 orbifold fixed 
points. If the Standard Model fermions were on the 3-brane which is located at (0, 0) 
or (0, 7ri?2), the gauge group will be SU{b), then, the SM fermions must form the full 
10* + 5* SU{b) multiplets. In order to avoid the proton decay, the GUT scale (I/-R1 
or I/-R2) must be the order of 10^^'"^^ GeV, and we have to put the two Higgs 5-plets 
in the bulk to give the GUT scale masses to the Higgs triplets. So, there may exist 
the gauge hierarchy problem. And if the Standard Model fermions were on the brane 
which is located at (7ri?i/2, 7ri?2/2), the gauge group will be SU{?>) x SU{2) x f/(l). 
If we considered the SM fermions form the full 10* + 5* SU{5) multiplets, the proton 
may decay by exchange A'^ or Aq, so, the GUT scale must be at order of 10^^~^^ 
GeV and we have to put the two Higgs 5-plets in the bulk. Thus, we might have 
the gauge hierarchy problem. If we considered the SM fermions do not form the full 
SU{5) multiplets and they only preserve the SU{3) x SU{2) x f/(l) gauge symmetry, 
the proton decay problem will be avoided because the SM fermions do not couple to 
the gauge fields related to the broken gauge generators. In addition, we can put the 
two Higgs doublets on the observable brane instead of putting two Higgs 5-plets in 
the bulk. Therefore, the extra dimensions might be large and the gauge hierarchy 
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problem might be solved in the mean time [|T^ . 

In the second model, the extra space orbifold is indeed S^ / Z2 x S^ /Z2. If the 
Standard Model fermions were on the 4-brane which is located at y = 0, or 2; = 0, or 
y = 7ri?i/2, 01 z = 7ri?2/2, the gauge symmetry will be SU{?,) x SU{2) x U{1). And 
the phenomenological discussions will be similar to those in Model I when we put 
the SM fermions on the 3-brane at (7ri?i/2, 7ri?2/2), except that, if we considered the 
SM fermions form the full 10* + 5* SU{b) multiplets, we will double the generations 
and each generation in the SM comes from the zero modes of two generations on the 
4-brane due to the projection operator P^ or P^. If the Standard Model fermions 
were on the 3-brane which is located at any fixed point, the gauge symmetry will be 
5'[/(3) X SU{2) xU{l). In addition, on the observable 3-brane, we project out not only 
the zero modes of the gauge fields related to the broken SU{b) gauge generators and 
the triplet Higgs fields, but also their KK modes, i. e., there exist only the zero modes 
and KK modes of the SU{?>) x SU{2) x f/(l) gauge fields and doublet Higgs fields. 
So, the extra dimensions can be large and the gauge hierarchy problem can be solved 



in the mean time |12| because there does not exist the proton decay from exchange 
the SU{b) gauge fields X and Y or the triplet Higgs at all [|13[. Moreover, we can put 
the two Higgs doublets on the observable brane instead of putting two Higgs 5-plets 
in the bulk. Furthermore, the wrong prediction of the first and second generation 
mass ratio in the usual 4-dimensional SU{5) can be avoided, but, we do not have the 
charge quantization. In short, in this scenario, we not only break the SU{5) gauge 
symmetry, but also solve the triplet-doublet splitting problem, the gauge hierarchy 
problem, the proton decay problem, and avoid the wrong prediction of the first and 
second generation mass ratio in the non-supersymmetric SU{5) model, however, we 
lose the charge quantization. By the way, the low energy unification and electroweak 
symmetry breaking in this scenario deserve further study. 

Furthermore, we generalize our models to the models with 7 or higher dimen- 
sions where the extra space orbifolds are T'^ /{Z2 x Z'2) and T"/(Z2)", and comment 
on the models with bulk fermions and supersymmetry. 

2 SU(5) Models on M^ x T'^/{Z2 x Z'^) 

In this section, we would like to discuss two models with SU(5) gauge symmetry 
breaking on the space-time M^ x T"^ /[Z2 x Zg). We consider the 6-dimensional space- 
time which can be factorized into a product of the ordinary 4-dimensional space- 
time M^ and the orbifold T^/(Z2 x Z'^). The corresponding coordinates are x^, 
(/i = 0, 1,2,3), y = x^ and z = x^. The radii for the circles along y direction and 
z direction are Ri and R2, respectively. Moreover, we assume that the SU(5) gauge 
fields and two 5-plet Higgs fields {Hu and Ha) live on the whole space-time, and the 
Standard Model fermions are on the observable brane, which is located at the fixed 
point or line, although one can also discuss the models in which the matters are in 
the bulk or the Higgs fields are on the observable brane. 



2.1 Model I 

The first model is the generahzation of previous models [1 — 10]. The orbifold T"^ /Z2 
is obtained by T^ moduloing the equivalent class: {y^z) ~ {—y,—z). We obtain 
the orbifold T"^ /{Z2 x Z2) by defining y' = y — ttRi/2 and z' = z — 7ri?2/2, and 
then, moduloing the equivalence class: {y', z') ~ (— y', —z') further. The three non- 
equivalent fixed points are {y = 0,z = 0), {y = 0, z = 71R2), and {y = 7iRi/2,z = 
7TR2/2). 

For a generic bulk field (plx'^ , y , z) , we can define two parity operators P and 
P' for the Z2 and Z2 symmetries, respectively 

(f){x^',y,z) ^(l){x'',-y,-z) =P(/){xf',y,z) , (1) 

0(a;^ y', z') ^ 0(x^ -t/', -y) = P'0(a:^ I/', ^') • (2) 

Denoting the field with (P, P') = (±, ±) by 0±±, we obtain the following KK 
mode expansions 
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where n, m are non-negative integers. Zero modes are contained only in 0_|_+ fields, 
so that the matter content of the massless sector is smaller than that of the full 6- 
dimensional multiplet. Moreover, only 0++ and 0^ fields have non-zero values at 



Table 1: Parity assignment and masses (n > 0, m > 0) of the fields in the SU(5) gauge 
and Higgs multiplets for model I. The index a labels the unbroken SU{2)) x SU{2) x 
f/(l) gauge generators, while a labels the other broken SU(5) gauge generators. The 
indices D, T are for doublet and triplet, respectively. 



(p, n 


field 


mass 


(+,+) 


a;, h^, h^ 


^j{2nY/Rl + (2m)Vi?i or ^ {2n + If / Rl + (2m + If / Rl 


(+,-) 


A% Hi, HJ 


^{2nY/Rl + (2m + If / Rl or ^{2n + If / Rl + (2m)Vi?i 


(-,+) 


AIAI 


^{2nY/Rl + (2m + If / Rl or ^ (2n + If / Rl + (2m)Vi?l 


(-,-) 


AlA^, 


^{2nf/Rl + (2m + 2) Vi?! or 

^(2n + 2)2//?? + {2mf/Rl or 
y^(2n + 1) VPf + (2m + 1) Vi?2 



(y = 0,2; = 0) and (y = 0, z = 7ri?2), and only 0++ and 0__|_ fields have non-zero 
values at {y = 7ri?i/2, z = 7ri?2/2). 

We choose the following matrix representations of the parity assignments which 
are expressed in the adjoint representaion of SU(5) 



P = diag(+l, +1, +1, +1, +1) , P' = diag(-l, -1, -1, +1, +1) 



(7) 



So, upon the P and P' parities, the gauge generators T^ where A=l, 2, ..., 24 for 
SU(5) are separated into two sets: T"- are the gauge generators for the Standard 
Model gauge group, and T"' are the other broken gauge generators 
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(9) 



It is not difficult to obtain the particle spectra in the model, which are given in 
Table 1. And the gauge fields, Higgs fields, and gauge group on the 3-brane which is 
located at the fixed point are given in Table 2. If the Standard Model fermions were 
on the 3-brane which is located at (0,0) or (0,7ri?2), the gauge group will be S'f/(5), 
then, the SM fermions must form the full 10* + 5* SU{b) multiplets. In order to avoid 
the proton decay, the GUT scale (I/-R1 or I/R2) niust be the order of io^^~^^ GeV, 
and we have to put the two Higgs 5-plets in the bulk to give the GUT scale masses 
to the Higgs triplets. So, there may exist the gauge hierarchy problem. 

If the Standard Model fermions were on the brane at (7ri?i/2, 7ri?2/2), the 
gauge group will be 5*^(3) x SU{2) x f/(l). If we considered the SM fermions form 



Table 2: For the model I, the gauge fields, Higgs fields and gauge group on the 3- 
branes which are located at the fixed points {y = 0,z = 0), {y = 0, z = nR2), and 
iy = 7rR,/2,z = 7rR2/2). 



Brane position 


field 


gauge group 


{y = 0,z = 0) 


A^, H^, Ha 


SU{h) 


{y = 0,z = TCR2) 


A^, H^, H, 


SU{5) 


iy = nR,/2,z = nR2/2) 


Aa ttD ttD ACL /\a 


SU{3) X SU{2) X [/(I) 



the full 10* + 5* SU{5) multiplets, the proton may decay by exchange A'^ or Aq, 
so, the GUT scale must be at order of io^^~^^ GeV and we have to put the two 
Higgs 5-plets in the bulk. Thus, we might have the gauge hierarchy problem. If 
we considered the SM fermions do not form the full SU{5) multiplets and they only 
preserve the SU{3) x SU{2) x f/(l) gauge symmetry, the proton decay problem will 
be avoided because the SM fermions do not couple to the gauge fields related to the 
broken gauge generators. In addition, we can put the two Higgs doublets on the 
observable brane instead of putting two Higgs 5-plets in the bulk. Therefore, the 
extra dimensions might be large and the gauge hierarchy problem might be solved in 
the mean time 1112 



2.2 Model II 

The second model is different from above model. The orbifold T'^ /{Z2 x Z'2) is obtained 
by T^ moduloing the equivalent classes: y ~ —y and z ~ —z. The four fixed points are 
(1/ = 0, z = 0), (y = 0, 2 = 7ri?2/2), {y = 7ri?i/2, z = 0), and {y = 7tRi/2, z = 71R2/2). 
And the four fixed lines are y = 0, y = 7ri?i/2, z = 0, z = 7iR2/2. 

For a generic bulk field (f){x'^,y,z), we can define two parity operators P and 
P' for the Z2 and Z2 symmetries, respectively 



ix^,y,z) 



{xf',-y,z) = P(f){xf',y,z) 



(10) 



{x^,y,z) 



{x^,y,-z) = P'(f){x^',y,z) . 



;ii) 



Denoting the field with (P, P') = (±, ±) by 0±±, we obtain the following KK 
mode expansions 
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where n, m are non-negative integer, and the 4- dimensional fields (pi^^ , 0+1™' , 0_4™' 
and 0*^1™'-' have masses Jn'^/Rl + m? / R^ upon the compactification. Because only 
0++ fields have zero modes, the matter content of the massless sector is smaller than 
that of the full 6-dimensional multiplet, too. In addition, only 0++ fields have non- 
zero values on the 3-branes at the fixed points, only 0_|_+ and 0+_ have non-zero 
values on the 4-branes at the fixed lines 1/ = and y = 7ri?i/2, and only 0++ and 0__|_ 
have non-zero values on the 4-branes at the fixed lines z = and z = 7TR2/2. 

We choose the following matrix representations of the parity assignments which 
are expressed in the adjoint representaion of SU(5) 

P = diag(-l, -1, -1, +1, +1) , P' = diag(-l, -1, -1, +1, +1) . (16) 

Then, upon the P and P' parities, the gauge generators T"^ where A=l, 2, ..., 24 for 
SU(5) are also separated into two sets: T" are the gauge generators for the Standard 
Model gauge group, and T"- are the other broken gauge generators 

p n^a p—l -- n^a p n^a p~l -- l^o. (]7^ 

pi rpa p'-l -- T^a p' T^a P'^^ = —T" (}R] 

The particle spectra in this model are given in Table 3, and the gauge fields, 
Higgs fields, and gauge group on the 3-brane which is located at the fixed point or 
on the 4-brane which is located at the fixed line are given in Table 2. 

If the Standard Model fermions were on the 4-brane which is located at 1/ = 0, 
or z = 0, or y = 7iRi/2, or z = nR2/2, the gauge symmetry will be SU{3) x SU{2) x 
f/(l). And the phenomenological discussions will be similar to those in Model I 
when we put the SM fermions on the 3-brane at {7iRi/2,7iR2/2), except that, if we 
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Table 3: Parity assignment and masses (n > 0,?7i > ) of the fields in the SU(5) 
gauge and Higgs multiplets for model II. 



{p,n 


field 


mass 


(+,+) 


Aa ZjD ZjD 


^Jn^|Rl + m^/Rl 


(+,-) 


Aa Aa 
^5 5 ^6 


^n^/R\ + {m+iy/Rl 


(-,+) 


Aa Aa 
^5) ^6 


^{n + lf/Rl + m^/Rl 


(-,-) 


Aa ttT ttT 


^{n + iy/Rl + {m + lf/Rl 



considered the SM fermions form the full 10* + 5* SU{b) multiplets, we will double 
the generations and each generation in the SM comes from the zero modes of two 
generations on the 4-brane due to the projection operator P^ or P^ . 

If the Standard Model fermions were on the 3-brane which is located at any 
fixed point, the gauge symmetry will be SU{?>) x SU{2) x U{1). In addition, on 
the observable 3-brane, we project out not only the zero modes of the gauge fields 
related to the broken SU(5) gauge generators and the triplet Higgs fields, but also 
their KK modes, i. e., there exist only the zero modes and KK modes of the SU{?)) x 
SU{2) X U{1) gauge fields and doublet Higgs fields. So, the extra dimensions can be 
large and the gauge hierarchy problem can be solved in the mean time |]12| because 



there does not exist the proton decay from exchange the SU{5) gauge fields X and 
Y or the triplet Higgs at all f\. Moreover, we can put the two Higgs doublets on 
the observable brane instead of putting two Higgs 5-plets in the bulk. Furthermore, 
the wrong prediction of the first and second generation mass ratio in the usual 4- 
dimensional SU{5) can be avoided, but, we do not have the charge quantization. In 
short, in this scenario, we not only break the SU{5) gauge symmetry, but also solve 
the triplet-doublet splitting problem, the gauge hierarchy problem, the proton decay 
problem, and avoid the wrong prediction of the first and second generation mass ratio 
in the non-supersymmetric SU{5) model, however, we lose the charge quantization. 
By the way, the low energy unification and electroweak symmetry breaking in this 
scenario are under investigation. 



^One might worry about the proton decay mediated by the virtual black hole and wormhole 
background from quantum gravity p4|. However, with our present knowledge of black hole and 
wormhole physics, the violation of global symmetry by gravity is extremely suppressed, even if the 
fundamental Planck scale was as low as a few TeV 113i. 



Table 4: For the model II, the gauge fields, Higgs fields and gauge group on the 
3-branes which are located at the fixed points {y = 0,z = 0), {y = 0,z = '71R2/2), 
{y = 0,z = TiR2/'2) and {y = ttRi/2,z = 'ITR2/2), and on the 4-branes which are 
located at y = 0, z = 0, y = -kRi/2 and z = 7ri?2/2. 



Brane position 


field 


gauge group 


{y = 0,z = 0) 


Aa ttD ttD 


5f/(3) X SU{2) X f/(l) 


{y = 0,z = TTR2/2) 


Aa ttD ttD 


SUi?,) X 5f/(2) X f/(l) 


{y = 7TR,/2,z = 0) 


Aa ttD ttD 


5f/(3) X 5f/(2) X f/(l) 


{y = 7r/2i/2, z = 7ri?2/2) 


Aa ttD ttD 


5t/(3) X 5t/(2) X f/(l) 


y = or y = 7ri?i/2 


Aa ttD ttD Aa Aa 
^A" ^u ^ ^d ^ ^5) ^6 


5f/(3) X 5f/(2) X U{1) 


z = Qoi z = ■KR2/2 


Aa ttD ttD Aa Aa 
^/i5 ^u 1 ^d ^ ^5! ^6 


SUi?,) X 5f/(2) X [/(I) 



3 Generalization Discussion and Conclusion 



It is easy to generalize our models to the models with 4+n dimensions where n> 2 and 
the original extra space manifold is a n-torii, i. e., T". We assume that the coordinates 
for the extra dimensions are (y^,?/^, ...,?/"), the SU(5) gauge fields and two 5-plet 
Higgs fields are in the bulk, and the observable brane is located at the fixed point or 
hypersurface. We obtain the first kind of model on the space-time M*^ x T"- /{Z2 x Z2) 
by T" moduloing the equivalent classes: (y^y^, ...,i/") ~ {—y^,—y^,...,—y"'), {y^, 
y'^, ..., y ") ~ (— y ^j — y^j •••! —y^), whose corresponding parity operators are P 
and P', respectively. Under SU(5) gauge symmetry, we choose the representations 
for P and P' as P=diag (+1, +1, +1, +1, +1), and P'=diag (-1, -1, -1, +1, +1), 

so, PT''P-^= T", PT^P-^=T^^ P'T''P'-^= T«, prpdp'-l^_rpd rj.^^^^ ^^^ ^J^g ^g^^ 

modes, the SU(5) gauge symmetry is broken down to the Standard Model gauge 
symmetry. Furthermore, we can obtain the second kind of model on the space-time 
T"/(Z2)" by T^ moduloing the equivalent classes: y^ ~ —y^, y^ ~ ~y'^ ■, •••? and 
y« ^ — I/", whose corresponding parity operators are P^, P^, ..., P". The SU(5) 
representations of P^, P^, ..., P" are P* = diag(— 1, —1, —1, +1, +1) for i = 1, 2, ..., n. 
So, P'T'^P-' = T", p^T^p-i = -T". Then, for the zero modes, the SU(5) gauge 
symmetry is broken down to the S't/(3) x SU{2) x f/(l) gauge symmetry. In particular, 
on the observable 3-brane which is located at any one of the 2" fixed points, there 
exist only the zero modes and KK modes of the SU{?)) x SU{2) x f/(l) gauge fields 
because the zero modes and KK modes of the gauge fields related to the broken SU{5) 
gauge generators are projected out. The phenomenology discussions are similar to 
those in section 2. 



Furthermore, we can consider the models with bulk fermions, and we have 



to add extra SU{5) fermion multipets due to the anomaly cancellation |T5|. For in- 
stance, the models, which contain three left-handed singlets, three 5, six 5, six 10, five 
10 fermion multiplets under SU{5) gauge symmetry, and a self-dual antisymmetric 
tensor, is anomaly free [^. If we considered the extra space orbifold T^/(Z2)^ or 
T^/(Z2)^, the Standard Model fermions come from the zero modes of six 5 and six 10 
multiplets, and we project out the zero modes of all the other fermion multiplets |l^ . 
The reason why we consider the extra space orbifold T"^ /{Z2Y or T'^ /{Z2Y is that the 
6-dimensional fermions contain 4-dimensional fermions and their mirrors, and we want 
to project out the zero modes of those mirror particles. And the reason why we need 
six 5 and six 10 SU{5) multiplets is that we have Z2 projections on the zero modes 
of all the multiplets. Of course, the gauge hierarchy problem, gauge coupling uni- 
fication and radiative electroweak symmetry breaking in those non-supersymmetric 
GUT models deserve further investigation [|1^ . 



Another natural generalization is supersymmetry. If we considered the A^ = 1 
6-dimensional supersymmetry, the gauginos (and gravitinos) have positive chirality 
and the bulk hypermultiplets have negative chirality. Therefore, we can put the 
Standard Model fermions on the brane, and add suitable bulk hypermultiplets to 
cancel the anomaly from the gauge multiplet, for example, we can add a 24 multiplet 
in the adjoint representation of SU{5) or ten 5 + 5 SU{5) multiplets, and the Higgs 
fields will be on the brane or from the ten 5 + 5 multiplets, repectively |T^. If we 
considered the N = 2 6-dimensional supersymmetry, the theory will be anomaly free, 
and we have to put the Standard Model fermions on the brane because we can not 
have the hypermultiplets in the bulk |TB[ . 

In short, we construct two SU(5) GUT models on the space-time M^xT'^/{Z2 x 
Z2) where the SU(5) gauge and Higgs fields are in the bulk and the Standard Model 
fermions are on the observable brane at the fixed point or line. For the zero modes, the 
SU(5) gauge symmetry is broken down to the SU{3) x SU{2) x U{1) gauge symmetry 
due to non-trivil orbifold projection. In particular, if we put the Standard Model 
fermions on the 3-brane at the fixed point in Model II, we only have the zero modes 
and KK modes of the Standard Model gauge fields and two Higgs doublets on the 
observable 3-brane. So, we can not only break the S'f/(5) gauge symmetry, but also 
solve the triplet-doublet splitting problem, the gauge hierarchy probelm, the proton 
decay problem, and avoid the wrong prediction of the first and second generation 
mass ratio in the non-supersymmetric SU{b) model, although we lose the charge 
quantization. 
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